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A new estimation scheme is presented that combines a fixed-gain Kalman filter for optimal state estimation with
a prefilter that discriminates against failed sensors and identifies a failed sensor in real time. This new scheme
has features characteristic of systems with triple-redundant sensing and voting, but with fewer sensors. It is tested
on second- and third-order plants with dual-redundant measurements of the system states and is shown to out
perform the stand-alone Kalman filter by a factor of two or more in terms of the rms estimation errors. Strategies
for application to systems higher than third order are discussed.

1. Introduction

ALMAN filters are widely used for optimal state estimation.

They can be found in spacecraft, aircraft, missiles, and weapon
systems, among others. However, for the Kalman filter to generate
good estimates of the system states, the sensors, which generate the
measurements that are input into the Kalman filter, must be working
properly. Otherwise, the estimated states will be in error. To insure
that measurements from failed sensors are not used in the estimation
process, there is typically a separate software routine that operates
in parallel with the Kalman filter, or with whatever other state es-
timator is being used, and that makes checks and comparisons of
the sensor outputs to try to determine if a sensor has failed and, if
so, which one. If a sensor fails and the failure is detected, this soft-
ware routine then issues commands to isolate the failed sensor from
the estimation process and substitute another one in its place, or
to reconfigure the estimation software to operate without the failed
sensor. These software routines are sometimes called redundancy
management systems, failure detection and isolation systems, or
failure detection and reconfiguration systems.>~* The problem with
this approach is that detection of a failed sensor and reconfiguration
of the sensors or software must happen instantaneous to prevent the
estimation process from failing, and this is impossible. A technique
commonly used with spacecraft is to put the spacecraft into some
type of safe mode when a failure is detected and wait for help from
the ground. Consider the Hubble Space Telescope® and the Chan-
dra Advanced X-Ray Astrophysics Facility. These are two NASA
free-flying spacecraft that are presently in Earth orbit and perform-
ing well. Each spacecraft has a software routine in its onboard flight
computer for sensor redundancy management. If a problem is de-
tected with a sensor, the redundancy management system issues
commands that put the spacecraft into one of several possible safe
modes, depending on the severity of the anomaly. For less criti-
cal anamolies, the spacecraft simply enters an attitude hold mode
and waits for help from the ground. If the problem is more severe,
the spacecraft slews to a sun point attitude for maximum electrical
power and maintains that attitude until the ground can assist. If the
problem is very severe, backup sensors and an alternate flight com-
puter with unique software are used to slew the spacecraft to the
sun point attitude and hold it there until the ground can intervene.
Ground intervention involves ground controllers analyzing teleme-
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try data to confirm that a sensor has failed and to determine which
one. They then uplink commands that isolate the failed sensor from
the estimation process and bring another sensor online or reconfigure
the onboard estimation software for the new sensor configuration.
Finally, they uplink commands to restore the spacecraft to normal
operation. Such a process takes a long time to execute and complete,
typically on the order of 12 h.

As one might suspect, there are places where this amount of
time for sensor failure detection and isolation is simply intolerable.
Consider a launch vehicle with astronauts onboard as in the space
shuttle or the Saturn V. During ascent, the system states need to be
estimated correctly, in spite of any sensor failures, and sensor failure
detection and isolation needs to be instantaneous and infallible. In
this case, the usual approach is to employ triple redundant sensing
and a scheme called voting.” Here, the outputs of three sensors
of a given type are compared. Should all outputs match well, the
average of the three is input into the estimator. If two match and a
third does not, it is concluded that the sensors with matching outputs
are working properly, whereas the third is not. Then, the average of
the first two outputs is input into the estimator and the third one
is ignored. This approach discriminates against failed sensors and
offers real-time failure detection, but is very expensive to implement
because it requires a lot of sensors.

Another problem with a Kalman filter is that it takes some time
for the estimation errors to reach their minimum steady-state values,
especially when there is a good deal of uncertainty in the initial state
of the system. This is true even when the standard time-varying
Kalman filter gains are used. It is especially true when the fixed
steady-state Kalman filter gains are employed.

Yet another problem with a Kalman filter is that sometimes sen-
sor measurements are generated faster than the Kalman filter algo-
rithms can process them. Then, some of the measurements must
be discarded, which is wasteful. To avoid wasted measurements,
calculation of their average in a prefilter has been proposed.® The
idea is to average available measurements over the time interval be-
tween Kalman filter computational cycles. This reduces measure-
ment noise, but also averages the true measurements, creating dis-
torted measurements that are input into the Kalman filter. The result
is an additional component of error in the estimated states of the
system.

Thus, three problems associated with Kalman filters include the
following:

1) The sensors, which generate measurements that are input into
the Kalman filter, must work properly, and schemes for detecting
and isolating failed sensors work slower than necessary unless triple-
redundant sensing is used.

2) It takes some finite time for the estimation errors to reach a
minimum.

3) Sometimes, sensor measurements are generated faster than the
Kalman filter can process them, and some must be discarded, which
is wasteful.
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This paper proposes a Kalman filtering scheme with none of these
problems and features the benefits of triple-redundant sensing and
voting with fewer sensors. It works as follows: An undistorted es-
timate of the system state is generated for every computation cycle
of the Kalman filter, with a prefilter that processes all of the sen-
sor measurements generated over each computation cycle of the
Kalman filter. Hence, none of the sensor measurements are wasted.
A key element of the prefilter is a state reconstructor that was previ-
ously developed by Polites,’ called the ideal state reconstructor. It
is so called because it exactly reconstructs the state of a system dur-
ing each computation cycle when the plant parameters are known
exactly and the system has no process and measurement noise. In
addition, the ideal state reconstructor adds no new states, eigenval-
ues, or dynamics to the system whose states are being estimated. In
fact, it does not affect the plant equation for the system in any way;
it affects the output equation only. The output of the prefilter is input
into the Kalman filter each computation cycle. The first output is
used to initialize the estimated state vector in the Kalman filter. This
allows a fixed-gain Kalman filter to be used in place of the time-
varying gain Kalman filter because the estimation errors become a
minimum after the first computation cycle with either. Additional
logic in the prefilter discriminates against failed or failing sensors
and identifies a failed sensor in real time, much like triple-redundant
sensing and voting, but with fewer sensors. Hence, this new estima-
tion scheme has the advantages of a Kalman filter with regard to
optimal estimation, but not its disadvantages.

The procedure for the presentation of this new estimation scheme
and the outline for the rest of this paper is as follows. Section II
reviews state estimation with Kalman filters. Section III reviews the
ideal state reconstructor, a key element of the prefilter. Section IV
describes the prefilter and the new estimation scheme consisting of
the prefilter concatenated with a fixed-gain Kalman filter. Section V
applies the new estimation scheme to an inertial plant with dual-
redundant measurements of the system states. This is like a single-
axis spacecraft attitude control system with dual-redundant mea-
surements of spacecraft attitude and angular velocity. Section VI
applies it to a third-order plant, also with dual-redundant measure-
ments of the system states. This is like the single-axis spacecraft
attitude control system with control actuator dynamics included,
where attitude, angular velocity, and control torque are being mea-
sured redundantly. Section VII discusses strategies for applications
of the scheme to plants of fourth order and higher. Section VIII
offers conclusions and comments and identifies areas for future
investigation.

II. Review of State Estimation with Kalman Filters

Figure 1 is a block diagram of the usual continuous-time plant
driven by a zero-order hold with a sampled output. The vector x(z)
is an n x 1 state vector, u(kT) is an r x 1 control input vector, z(¢)
isanm x 1 output vector, F is ann X n system matrix, G isann x r
control matrix, and C is an m x n output matrix. If z(¢) is sampled
every T seconds, it is well known that this system can be modeled
at the sampling instants by the discrete state equations'®

x[(k+ 1)T]= Ax(kT) 4+ Bx(kT) D
z2(kT) = Cx(kT) 2)

where
¢ =L (1 = F)7'] 3)
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T

Fig. 1 Block diagram of a continuous-time plant driven by a zero-
order hold with a sampled output.
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Fig. 2 Plant in Fig. 1 with process and measurement noise.
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Here, ¢ (¢) is the n x n state transition matrix and A and B are the
n X n system matrix and n X r control matrix, respectively, for the
discrete state Eqs. (1) and (2).

If the plant in Fig. 1 has process noise w(kT) and measurement
noise v(kT') added to it, the result is the system shown in Fig. 2. The
discrete state equations for modeling this system at the sampling
instants are

x[(k+1)T] = Ax(kT) + Bu(kT) + w(kT) (6)

2(kT) = Cx(kT) + v(kT) )

It will be assumed that the process and measurement noises
are Gaussian white sequences with zero mean, are uncorrelated
with each other, and have covariance matrices Q and R, re-
spectively. These characteristics can be expressed mathematically
as

E[w(kT)] = E[v(kT)] =0 ®)
Elw(jT)w" (kT)] = Q5 )]
Ev(T)W (kT)] = RS (10)

E[w(jT)v (kT)] =0 (11

for all j and k.
For the system in Fig. 2 with the noise statistics as described,
the Kalman filter equations for estimating the state of this system
8,11
are®

#(k + DT /kT]1 = AR(KT /kT) + Bu(kT) (12)
Mk + DT/ + DT = £[(k + DT /kT]

+ K kT){z[(k+ DT]—Cx[(k+ DT /kT1} (13)

In Egs. (12) and (13), X[(k + 1)T / kT] is the predicted value of x at
time (k + 1)T given measurements up to and including time kT, and
X[(k+ DT /(k+ 1)T] is the predicted value of x at time (k + 1)T
given measurements up to and including time (k + 1)7 . The Kalman
filter gain matrix, K (kT'), is determined by recursive solution of the
equations

P(kT/kT) = P[kT/(k — )T]— P[kT/(k — DT]C"

x {CPIkT /(k — DTICT + Ry 'CPkT /(k — DT] (14)
K(kT) = P(kT/kT)CTR™! (15)
Pl(k+1)T/kT]1= AP(kT/kT)AT + BOB” (16)

k=k+1 (17)
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Fig. 3 General block diagram of the plant and the ideal state reconstructor.

where, initially,
k=0 (18)
%(0/0) = E[x(0)] (19)
P(0/—T) = E({x(0) — E[x(0)]}{x(0) — E[x(0)]}) (20)

In Egs. (14) and (15), P[kT /kT] is the estimation error covariance
matrix at time k7T given measurements up to and including time kT
and is given by

P(kT/kT) = E|X(kT/kT)¥" (kT /kT)] 21
where
X(kT/kT) = x(kT /kT) — x(kT) 22)

Equations (14—17) generate the time-varying gain matrix K (kT)
for the Kalman filter Eqs. (12) and (13) that minimizes
E|xT (kT /kT)x(kT/kT)| for all kT. With time, K (kT) con-
verges to a steady-state matrix Kgg as E | X7 (kT /kT)x(kT/kT)]
converges to some minimum matrix. A suboptimal fixed-gain
Kalman filter with gain matrix Kgg is sometimes used in place
of the standard Kalman filter with the time-varying gains. Then,
E|XT (kT /kT)x(kT / kT)] still converges to the same minimum ma-
trix than it does with the optimal time-varying gain matrix, but it
takes longer.

III. Review of the Ideal State Reconstructor

Figure 3 is a general block diagram of the ideal state reconstruc-
tor concatenated with the plant of Fig. 2, but with z(#) sampled
every T /N seconds instead of every T seconds. These discrete mea-
surements are input into a multi-input/multi-output moving average
(MA) filter'? with coefficient matrices H;, j=0,1,...,N—1,and
the output is sampled every T seconds to generate yr (k7). Recog-
nize that this is equivalent to taking N discrete measurements in a
T-second interval, multiplying each by an appropriate weight-
ing matrix, and then summing them recursively as they are gen-
erated to produce yp(kT). Then yp(kT) has subtracted from it
E _u[(k —1)T], where E_ is a constant matrix, to produce the output
vector yj (kT). Let H;, j=0,1,..., N —1, each be an n x m ma-
trix and E_ be an n X r matrix. Then yr(kT) and y}. (kT) are both
n x 1 vectors. Polites® showed that if N; H;, j=0,1,...,N—1;
and E_ are appropriately chosen, the entire system in Fig. 3 can be
modeled at the sampling instants by the discrete state equations

x[(k+1DT] = Ax(kT)+ Bu(kT) (23)
YpkT) = x(kT) (24)

This means that y. (kT') exactly reconstructs the state vector x(kT'),
and the reconstruction process has not affected the plant equation
for the system in any way.

The procedure for choosing N; H;, j=0,1,..., N —1;and E_
to achieve these results is as follows. First, let

N >n/m (25)

Now let
Co(0)
c T
v
o= (26)
C (N -1 r
H= (@ o)l 27

Note that « and H are (Nm) x n and n x (Nm) matrices, respec-
tively. If N > n/m and rank(a) = n, then (a” ) is positive definite
and, therefore, nonsingular, and the pseudoinverse of «, given by
Eq. (27), exists.!* Under the assumption that this is the case, to
determine H;, j =0, 1, ..., N — 1, partition H into

H=[H05H1:...5HN,1] (28)

Recognize that each H; is an n x m matrix. To determine E_, let

B 0
c [/ P dx:|G
0
—(T/N)
C[/ P\ dA:|G
0

B = (29)

—(N = 1)(T/N)
c [ / P d){|G
0

where 8 is an (Nm) X r matrix, and
E_=Hp (30)

This completely defines the parameters in the ideal state recon-
structor and assures that the entire system in Fig. 3 can be modeled
at the sampling instants by the discrete state equations (23) and (24).

IV. Description of the Prefilter and the New Estimation
Scheme Consisting of the Prefilter Concatenated
with a Fixed-Gain Kalman Filter

The prefilter utilizes the ideal state reconstructor to generate pre-
liminary estimates of the system state vector during each computa-
tion cycle, to discriminate against failed and failing sensors, and to
identify a failed sensor in just one computation cycle. How the pre-
filter accomplishes this is best described with an example, which will
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Fig. 4 Inertial plant with dual-redundant measurements of the system states.

be an inertial plant with dual-redundant measurements of the system
states (Fig. 4). This is like a single-axis spacecraft attitude control
system, in which the spacecraft moment of inertia is /. Discrete
torque commands, u (kT ), are issued from an onboard computer ev-
ery T seconds. By virtue of the zero-order hold and the control actu-
ator, designated A, torque is applied to the spacecraft continuously.
Normally, A; = 1. If the actuator fails, then A; = 0. The attitude sen-
sors are designated by S; and S,, whereas the angular velocity sen-
sors are designated by S3 and S4. Normally, S} =85, =S;=8,=1;
but if a sensor fails, the corresponding S; is set equal to 0. Measure-
ments from the sensors are generated every 7 /N seconds and are
corrupted by noise as shown.

For the system in Fig. 4, the prefilter will be required to generate
an estimate of the system state vector every T seconds, in spite of a
failure of any one of the four sensors. It is improbable that any two
sensors will fail at the same time. If a sensor does fail, the prefilter
must still generate a correct estimate of the system state vector
without isolating the failed sensor or reconfiguring the estimation
algorithms, and the failed sensor should be identified immediately.
These are the requirements on the prefilter.

To meet these requirements, the prefilter utilizes the ideal state
reconstructor. Recognize that the ideal state reconstructor can esti-
mate the system state vector every T seconds in a number of different
ways using various sensor combinations. For example, it can esti-
mate the system state vector using only one position sensor, S1 or
S2; it can estimate the system state vector using one position sen-
sor, S1 or §2, and one rate sensor, S3 or $4; and so on. In fact, it
can estimate the system state vector using any combination of sen-
sors that yields an observable system. However, the prefilter will be
configured to estimate the system state vector using the ideal state
reconstructor and the following sensor combinations: S1; §2; S1—
S§3; S1-S4; §2-S53; $2-S4. This is the set of all combinations of
one position sensor or one position sensor and one rate sensor. In a
sense, this is like measuring the system state vector with six unique
virtual state vector sensors.

Now, if the plant parameter / is precisely known, the system has
no process noise, and the sensors have no measurement noise, then
the estimated state vectors generated every T seconds using the
ideal state reconstructor and these sensor combinations will exactly
equal the true system state vector. On the other hand, if the plant
parameter / is approximately known, the system has some process
noise, and the sensors have some measurement noise, then all of
the estimated state vectors generated every T seconds with the ideal
state reconstructor will be approximations to the true system state
vector. That is, they will be close to the true system state vector and,
equally important, close to each other. Thus, the estimated state
vectors will tend to cluster at every T -second interval.

Now, if a sensor fails at some point in time, the estimated state
vectors generated with good sensors will still cluster, but those gen-
erated with the failed sensor will deviate from this cluster. For exam-
ple, suppose S, fails, then the estimated state vector using sensors
S5, $,—83, and S,—S, will cluster and those using sensors Sy, S;—S3,
and S-S, will deviate from the cluster. If S5 fails, then the estimated
state vectors using sensors Sy, S,, S-S, and S,—S4 will cluster, and
those using sensors S1—S3 and S,—S3 will deviate. Thus, if a sensor
fails, at least three estimated state vectors are assured to cluster.
Identification of the three that are the most tightly clustered and
determination of the centroid of these provides a good estimate of
the system state vector despite a sensor failure. This is the process
of generation of a preliminary estimate of the system state vector
and discrimination against a failed sensor. Determination of which,
if any, estimated state vectors deviate significantly from this cen-
troid and the relation of these to the sensors used to generate those
estimated state vectors provides sufficient information to identify
the failed sensor immediately. This is how the prefilter identifies a
failed sensor in real time. Conceptually, this is similar in some ways
to state estimation with triple-redundant sensing and sensor voting,
but with fewer sensors.

To determine the three estimated state vectors that are the most
tightly clustered, the elements of each are first normalized with
respect to some expected maximum to give each element equal
weight. That is, if the estimated state vectors generated with the
ideal state reconstructor and sensors S2, $2-S3, and $2-S4, are,
respectively,

, X1 (kT) , X123 (kT)
*kT) =] . , (kT) = | .
r2 Xop2(kT) i Xo/23(kT)
, X124(kT)
(kT) = | (31
i Xo/24(kT)
then the corresponding normalized estimated state vectors are
R12(kT) X123 (kT)
/ X1 max / X1 max
kT) = kT) =
Y 6D =1 ) Y E =g )
X2 max X2 max
Rijoan (kT)
/ (kT) _ X1 max (32)
Trou B Xoyoan (T
X2 max
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Fig. 5 New estimation scheme consisting of the prefilter concatenated with a fixed-gain Kalman filter.

Next, the relative differences in these normalized estimated state
vectors are computed. Then, the norms of these differences are de-
termined and summed for this triad. The process is repeated for
the other triads, and the minimum sum gives the triad that is the
most tightly clustered. The centroid of this triad is the prefilter’s
normalized estimate for the state of the system at that point in time.
It will be denoted by Xy (kT'). Multiplication of each component of
this vector by the appropriate normalization factor yields the esti-
mated state vector X (kT') output from the prefilter and input into
the Kalman filter at each computation cycle.

To determine if a sensor has failed, the six normalized esti-
mated state vectors generated inside the prefilter with the ideal
state reconstructor, .,y (KT'), ¥y (KT, ¥ 35 KT ), Y14y KT,
Vi kT), and ypo, y (kT), are differenced with Xy (kT). The
norms of the differences are then compared with some specified
threshold e.

Then, if

1Yoy KT) — 2 (KT < &, 1¥posn KT) — Xy (RT)|| < &

1Yr2any KT) — Xy (KT < & (33)
1Ypin KT) — Xy RT)]| > e, Y138 KT) =Xy (RT)]| > &
Y14 KT) — Xy (KT)|| > & (34
it is concluded that sensor S; has failed. If

1YrinKT) —3n KT < &, 1Yz nGT) =2y G < &

IYriayn KT) = Xy (KT < & (35)

||y/F2/N(kT) —En(T)| > e, ||y’F23/N(kT) —In(T)| > &

1Yo/ KT) — Xy (KT)|| > & (36)
it is concluded that sensor S, has failed. If

1¥p1/n KT) — 2y KT)|| < &, 1Ypoyn KT) — Xy (RT)|| < &

1Ypian KT) = Xy KT < &, 1Ypoan KT) = Xy (KT < &

(37

||y/F13/N(kT) — x| > &, ”y;rz}/N(kT) — x| > &

(38)
it is concluded that sensor S3 has failed. If
1Yp1w KT) =2y KT < &, 1¥poyw kT) — Xy (KT)|| < &

”y;:lf%/N(kT) —xn(kT)| <&, ||Y}23/N(/<T) —xnkT)| <e

(39

1Yrian KT) = Xy KT = &, 1Yr2a/ny KT) — Xy (KT = &

(40)

it is concluded that sensor S4 has failed.

The new estimation scheme consists of the prefilter, just de-
scribed, concatenated with a fixed-gain Kalman filter, as shown in
Fig. 5. The measurements from the plant are input into the pre-
filter every T /N seconds. The output of the prefilter is a prelim-
inary estimate of the system state every T seconds. This is input
into a fixed-gain Kalman filter. The fixed-gain Kalman filter can
be used in place of the standard time-varying gain Kalman fil-
ter because the prefilter generates a good estimate of the system
state vector after just one computation cycle. This can be used to
initialize the estimated state vector in the Kalman filter. Conse-
quently, the estimation errors in the Kalman filter are at a minimum
after the first computation cycle, allowing the fixed-gain Kalman
filter to be used in place of the time-varying gain Kalman filter.
By virtue of the plant concatenated with the prefilter, Eqs. (23)
and (24) become the plant equations for designing the Kalman
filter.

V. New Estimation Scheme Applied to an Inertial
Plant with Dual Redundant Measurements
of the System States
The new estimation scheme described in Sec. IV was tested on the
plant in Fig. 4, which is like a single-axis spacecraft attitude control
system. A computer simulation of the entire system was developed.

The plant parameters were chosen to be
I =10*kg-m?, T =0.15s, N =10 41)

The sensor and process noises were assumed to be Gaussian white
sequences with zero mean and

vi(GT/N)lie =v2(jT/N)|ie =7 x 107 rad (42)
v3(GT/N)io = va(jT/N)|1p = 107 rad/s 43)
w(kT)|1, = 0.1 N-m (44)

These are values the new scheme can tolerate, plus they are readily
achievable with spacecraft of today.
In the prefilter,

Ximax = 7 1ad, X2max = 0.1 rad/s (45)

A good value for the threshold to identify a failed sensor was found
by simulation to be

e=175 (46)

To determine the steady-state Kalman filter gain matrix Kg, the
rms errors in the estimated states out of the prefilter were computed
over a period of time in the simulation, and these were used in the
R matrix of the Kalman filter equations. It turns out that R was set
equal to

(8.87 x 10~ rad)? 0
R = B 47)
0 (113.0 x 107 rad/s)?
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Fig. 6 Discrete torque command profile u(kT) vs time for the simula-
tion test cases.
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Fig. 7 True state x;(kT) vs time for the simulation test cases.

Q and P (0/—T) were chosen to be

0 = (0.1N-m)* (48)
PO/—T) (7 rad)? 0 49)
/ N 0 (0.1 rad/s)?
respectively. This gave
464 x1072 6.78 x 1073
ss = ) _ (50)
1.10 x 1072 3.26 x 1073

The entire system was simulated with the initial conditions
x1(0) =x,(0) =0 and the discrete torque command profile shown
in Fig. 6. For this command profile, the true states of the system vs
time are shown in Figs. 7 and 8. The initial estimated states for the
Kalman filter were the estimated states from the prefilter after the
first computation cycle. Two cases were simulated.

The first case was with S, failed at # =45 s. The prefilter discrim-
inated against the failed sensor and successfully identified that S;
had failed at # =45 s. The estimation errors vs time from the prefilter
and the Kalman filter are shown in Figs. 9 and 10. The rms of the
estimation errors from the prefilter and the Kalman filter computed
over the entire 90-s simulation run are shown in Table 1.

Note that the Kalman filter reduced the estimation errors from the
prefilter by about a factor of 5 for X, (kT) and a factor of 200 for

Table 1 Estimation errors for new estimation scheme
with S; failed at =45 s

Simulation rms of rms of

results X1 (kT), rad X (kT), rad/s
Prefilter output 10.8 x 1073 113.0 x 1073
Kalman filter output 2.16 x 1073 0.48 x 1073

0.045

True % (rad/sec)

_D. UUS L L 1 1 1 1 1 1 J
0 10 20 30 40 50 60 70 80 90

Time (sec)

Fig. 8 True state x,(kT) vs time for the simulation test cases.
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Fig. 9 Estimation error x{(kT') vs time with the inertial plant, the new
estimation scheme, and S; failed at =45 s.

X, (kT). When the noise in the measurements is compared with the
outputs of the Kalman filter, the entire estimation scheme reduced
the estimation errors about a factor of 10 for x;(kT) and about a
factor of 20 for X, (kT').

The second case was with S; failed at t =45 s. The prefilter
discriminated against the failed sensor and successfully identified
that S3 had failed at r =45 s. The estimation errors vs time were
similar to those in Figs. 9 and 10. The rms of the estimation errors
from the prefilter and the Kalman filter computed over the entire
90-s simulation run are shown in Table 2.

As before, the Kalman filter reduced the estimation errors from
the prefilter by about a factor of 5 for X;(kT) and a factor of 200
for X, (kT). When the noise in the measurements is compared with
the outputs of the Kalman filter, the entire estimation scheme again
reduced the estimation errors about a factor of 10 for x;(kT) and
about a factor of 20 for X, (kT).
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Table 2 Estimation errors for new estimation scheme
with S3 failed at £ =45 s

Simulation rms of rms of

results X1 (kT), rad X (kT), rad/s
Prefilter output 8.9x 1073 113.0 x 1073
Kalman filter output 1.87 x 1073 0.41 x 1073

Table 3 Steady-state estimation errors with
just the time-varying gain Kalman filter

Simulation results Kalman filter output

4.18 x 1073
1.14 x 1073

rms of X1 (kT), rad
rms of X, (kT), rad/s
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Fig. 10 Estimation error X;(kT) vs time with the inertial plant, the new
estimation scheme, and S; failed at =45 s.

To compare the new estimation scheme with the Kalman filter
by itself, the states for the plant in Fig. 4 were estimated with just
the standard time-varying gain Kalman filter. It was assumed that
the fastest that the Kalman filter equations could be solved was
once every 0.1 s. Thus, measurements every 0.1 s were input into
the Kalman filter and the other measurements were discarded. One
might argue that today’s computers could solve the Kalman filter
equations more frequently than this. True, but whatever the limit-
ing frequency, it is also likely that today’s sensors could generate
measurements at a faster rate than this. Hence, this should be a fair
test of the performance of the new estimation scheme compared to
the Kalman filter by itself. With this scenario and no sensor failures
over the entire 90-s simulation, the steady-state estimation errors
with just the time-varying gain Kalman filter are those in Table 3.

This shows that the new estimation scheme out performed the
standard time-varying gain Kalman filter by about a factor of two.

Next, the same case was run, but with sensor S, failed at t =45 s.
This case was then repeated with S; failed at =45 s instead. In
both cases, the Kalman filter could not generate good estimates for
the system states after the sensor failure, as expected.

Then, the same set of simulation runs were made with just the
fixed-gain Kalman filter. With no sensor failures, the steady-state
estimation errors are shown in Table 4.

Again, the new estimation scheme out performed the fixed-gain
Kalman filter by about a factor of two, as expected. With sensor fail-
ures, the fixed-gain Kalman filter could not generate good estimates
for the system states, also as expected.

Table 4 Steady-state estimation errors with
just the fixed-gain Kalman filter

Simulation results Kalman filter output

4.45x 107>
1.21x 1073

rms of X; (kT), rad
rms of X, (kT), rad/s

VI. New Estimation Scheme Applied to a Third-Order
Plant with Dual-Redundant Measurements
of the System States

Next, the new estimation scheme was applied to the plant in
Fig. 11, which is a third-order system with dual-redundant mea-
surements of the system states. This is like the plant in Fig. 4 with
control actuator dynamics included and modeled by a first-order lag.

For this system, the prefilter is configured as before, except that
now (5,—S3) and (S,—S4) are treated as units, and the prefilter esti-
mates the system state vectors every T seconds using sensor combi-
nations: (81—=S53), (S2=54), (81=83)—=Ss, (§1—53)—Ss, (S2—S84)—Ss, (S2—
S4)—Se. The three estimated state vectors that are the most tightly
clustered are found as before, and the centroid of this triad is the
output of the prefilter for that computation cycle. Deviations of the
estimated state vectors from the centroid allow identification of a
failure in either ($1-S3), (S$,—S4), Ss, or Sg. If a failure is identified
with (§;—S3) or (S,—S4), the prefilter determines the specific sensor
or sensors that failed by comparing the average outputs from S; and
S, over the last T and the average outputs from S5 and S, over the last
T seconds. If the magnitude of the difference in the average outputs
from S, and S, over the last T seconds exceeds some predetermined
threshold ¢;_,, and the prefilter identifies a failure in $;—S3, then it
concludes that S; has failed; if it identifies a failure in S,—S;, then it
concludes that S; has failed. In like manner, if the magnitude of the
difference in the average outputs from S; and S, over the last T sec-
onds exceeds some predetermined threshold ¢5_4, and the prefilter
identifies a failure in S$;—S3, then the prefilter concludes that S; has
failed; if the prefilter identifies a failure in S,—S4, then it concludes
that S4 has failed. The rest of the estimation scheme is the same as
before. That is, the output of the prefilter is input into the fixed-gain
Kalman filter and the fixed-gain Kalman filter assumes the plant
model described by Eqs. (23) and (24).

A simulation of the entire system was developed as before, and
the same plant parameters were used. The parameter associated with
the actuator dynamics was chosen to be

w, = 27 rad/s (28]

The sensor and process noises were again assumed to be Gaussian
white sequences with zero mean and

n(T/Nlie =v(jT/N)lie =7 x 107 rad (52)

v3(iT/N)lio = va(jT/N)|io = 107 rad/s (53)
vs(JT/N)lio =vs(jT/N)|1s = 0.01 N-m 54)
w(kT)|1y = 0.01 N-m (55)

These are values the new scheme can tolerate, plus they are still
achievable with spacecraft of today.
In the prefilter,

X{max = 7T Tad, Xomax = 0.1 rad/s, X3max =20 N-m  (56)

e =25, &1-» = 0.03 rad, e3_4 = 0.001 rad/s (57)

To determine the steady-state Kalman filter gain matrix Kg, the
R matrix was determined as it was before,

0 = (0.01 Nm)® (58)
(7 rad)? 0 0
P(0/-T) = 0 (0.1 rad/s)? 0 (59)
0 0 (20 Nm)?
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This gave

491 x 1073 821 x1072 —-1.04x1071°
K = 2.05x10™* 2.39 x 1072 5.44 x 107° (60)
—1.47x 1073 3.06 x 10 3.38x 107

The simulation was run for T, =90 s with the initial condi-
tions x1(0) = x,(0) =x3(0) =0 and the discrete torque command
profile u(kT) shown in Fig. 6. The initial estimated states for the
Kalman filter were the estimated states from the prefilter after the
first computation cycle. Three cases were simulated.

The first case was with S, failed at # =45 s. The prefilter discrim-
inated against the failed sensor and successfully identified that S,
failed at t =45 s. The estimation errors vs time from the prefilter
and the Kalman filter are shown in Figs. 12—14. The rms of the
estimation errors from the prefilter and the Kalman filter computed
over the entire 90-s simulation run are shown in Table 5.

Note that the Kalman filter reduced the estimation errors from
the prefilter by about a factor of 15 for X, (kT'), a factor of 10 for
X,(kT), and a factor of 160 for x3(kT).

The second case was with S3 failed at t =45 s. The prefilter
discriminated against the failed sensor and successfully identified
that S5 had failed at t =45 s. The estimation errors vs time from
the prefilter and the Kalman filter are similar to those shown in

Table 5 Estimation errors for new estimation scheme with S; failed

atr=45s
Simulation rms of rms of rms of
results X1 (kT), rad X (kT), rad/s X3(kT), N-m
Prefilter output 96.2 x 1070 45.5 % 1077 286.0 x 1073
Kalman filter output ~ 6.43 x 1076 4.66 x 1077 1.79 x 1073

Figs. 12-14. The rms of the estimation errors from the prefilter and
the Kalman filter computed over the entire 90-s simulation run are
shown in Table 6.

Again, the Kalman filter reduced the estimation errors from the
prefilter by about a factor of 15 for X; (kT'), a factor of 10 for X, (kT'),
and a factor of 160 for x3(kT).

The third case was with Ss failed at r =45 s. The prefilter dis-
criminated against the failed sensor and successfully identified that
Ss had failed at t =45 s. The estimation errors vs time from the
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Fig. 12 Estimation error Xy (kT) vs time with the third-order plant, the
new estimation scheme, and S; failed at =45 s.
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Fig. 11 Third-order plant with dual-redundant measurements of the system states.
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Table 6 Estimation errors for new estimation scheme with S3 failed

att=45s
Simulation rms of rms of rms of
results X1 (kT), rad X (kT), rad/s X3(kT), N-m
Prefilter output 96.2 x 107° 45.5 % 1077 286.0 x 1073
Kalman filter output ~ 6.43 x 1076 4.66 x 1077 1.79 x 1073

Table 7 Estimation errors for new estimation scheme with S5 failed

att=45s
Simulation rms of rms of rms of
results X1 (kT), rad X (kT), rad/s X3(kT), N-m
Prefilter output 74.8 x 107° 35.0 x 1077 286.0 x 1073
Kalman filter output ~ 8.75 x 1076 4.09 x 1077 1.80 x 1073
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Fig. 13 Estimation error x;(kT) vs time with the third-order plant, the
new estimation scheme, and S; failed at 7=45s.
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Fig. 14 Estimation error X3(kT) vs time with the third-order plant, the
new estimation scheme, and S; failed at =45 s.

prefilter and the Kalman filter are again similar to those shown in
Figs. 12—14. The rms of the estimation errors from the prefilter and
the Kalman filter computed over the entire 90-s simulation run are
shown in Table 7.

Now, the Kalman filter reduced the estimation errors from the
prefilter by about a factor of 9 for X, (kT), a factor of 9 for x,(kT),
and a factor of 159 for x3(kT).

As before, simulation runs were made with just the time-
varying gain Kalman filter and then just the fixed-gain Kalman

Table 8 Steady-state estimation errors with
just the time-varying gain Kalman filter

Simulation results Kalman filter output

rms of %1 (kT), rad 36.5%x 107
rms of ¥, (kT), rad/s 40.3 x 1077
rms of ¥3(kT), N-m 43 %1073

Table 9 Steady-state estimation errors with
just the fixed-gain Kalman filter

Simulation results Kalman filter output

rms of ¥y (kT), rad 36.6 x 1070
rms of %, (kT), rad/s 40.4x 1077
rms of #3(kT), N-m 431 %1073

filter for comparisons. The results are shown in Tables 8 and 9,
respectively.

Tables 8 and 9 show that the new estimation scheme outperformed
by about a factor of 4 with regard to X; (kT ), a factor of 10 with regard
to X»(kT), and a factor of 2 with regard to X3(kT). When sensors
failed, the Kalman filters alone could not generate good estimates
for the system states, as expected.

A variation of the plant in Fig. 11 was also investigated. Here,
state x3 was not measured, but was estimated in the prefilter and the
fixed-gain Kalman filter. In this case, the approach is just like that
in Sec. V, only now the estimated state vectors in the prefilter and
the fixed-gain Kalman filter have three components instead of two.
It was found that the new estimation scheme performed well, but
less sensor noise could be tolerated. This is not surprising because
effectively two differentiations are required to estimate x; by the
use of the ideal state reconstructor and measurements from sensors
Sy or S,. One differentiation is required when sensors §,—S3, S1—S4,
S,—S3, or S,—S,. are used. Differentiating noise greatly amplifies
it; hence, less can be tolerated. From this experience, it appears
best to estimate the same number of states that are being measured.
Certainly, this is an area for further study.

VII. New Estimation Scheme Applied to Plants
of Fourth Order and Higher

Suppose the new estimation scheme is to be applied to a fourth-
order plant with states x;, x,, x3, and x4. With dual-redundant mea-
surements of the states x; and x,, the scheme described in Sec. V
could be used, only now there are four states to be estimated instead
of two. Anticipate that less sensor noise can be tolerated. With dual-
redundant measurements of x;, x,, and x3, the scheme described
in Sec. VI could be used, with the scheme estimating four states
instead of three and anticipating some reduced tolerance to sensor
noise. With dual-redundant measurements of x;, x,, x3, and x4, with
S and S, measuring x;, S5 and S; measuring x,, S5 and S mea-
suring x3, and S; and Sg measuring x4, there are several options.
S1—83—S5 could be treated as a unit, S,—S4—Ss could be treated as
a unit, and the prefilter could generate estimates of the state vector
using (§1—53=S5), (52=84=Ss), (§1=53=S5)—S7, (S1—53—55)—Ss, (Sa—
S4—S6)—57, (52—S4—S6)—Ss. A comparison of the averaged outputs
of sensor pairs, as described in Sec. VI, could be used to identity the
failed sensors exactly. Another option is to treat (S;—S3) as a unit,
(8,—S4) as a unit, (S5—Sg) as a unit, and (S7—Sg) as a unit and let
the prefilter generate estimates of the state vectors using (S;—S3),
(82=S84), (51=53)~(S5=S6), (S1=53)—~(57=S8), (S2=84)—~(S5—Ss), (S2—
S4)—(S7—Sg). A comparison of the averaged outputs of sensor pairs
will exactly identify the failed sensors. There are other options, but
these are two possible ones.

Suppose the plant is higher-order plus multi-input/multi-output
like a spacecraft attitude determination system. Now the states of
the system would be three Euler angles that describe the spacecraft
attitude and the three components of the spacecraft angular velocity
in body axes. The inputs to the system would be the three compo-
nents of the applied torque to the spacecraft acting about its center
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of mass expressed in body axes. Assume that a star tracker and a
sun sensor are used to reconstruct the three Euler angles describing
the spacecraft attitude. This star tracker and sun sensor pair could
be denoted as sensing system S; that measures the three states de-
scribing the spacecraft attitude. Assume another star tracker and sun
sensor pair is also used to reconstruct the three Euler angles describ-
ing the spacecraft attitude. This star tracker and sun sensor pair could
be denoted as sensing system S,. Assume there is a package of three
single-axis rate sensors that measures the three components of the
spacecraft angular velocity in body axes. Call this package sensing
system S3 that measures the three states describing the spacecraft
angular velocity. Assume there is a second package of three single-
axis rate sensors that also measures the three components of the
spacecraft angular velocity in body axes. Call this package sensing
system Ss. Then the new estimation scheme could be configured
so that the prefilter estimates the six states of the system using S,
S, S1-83, S1—S4, S2—S3, S>—S,4. This is like the second-order plant
with dual-redundant sensors, although in this case there are really
six states and 10 sensors. A comparison of pairs of sensor outputs as
described in Sec. VI could be used to identify failed sensors exactly.
This illustrates how the new estimation scheme can be applied to
a wide variety of plants, including those that are higher-order plus
multi-input/multi-output.

VIII. Conclusions

This paper has presented a new estimation scheme that offers op-
timal state estimation with failed sensor discrimination and iden-
tification. The scheme was successfully applied to second- and
third-order plants with dual-redundant measurements of the sys-
tem states. Strategies for its application to plants of fourth order
and higher and plants that are multi-input/multi-output were pre-
sented. Thus, the new estimation is applicable to a wide variety of
plants.

If this work is extended, it would be desirable to add the capability
to identify failed actuators to the scheme. This is an area that is
currently being investigated. Testing on a real-world problem is in
order. This could be the navigation system for a launch vehicle, a

missile, or a deep space probe; an attitude determination system for
a free-flying spacecraft; a flight-control system for an aircraft; or
the state estimation system in a nuclear power plant. These are just
a few of its possible applications.
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